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Abstract: -  

A new method to introduce grain size-dependence in classical crystal plasticity constitutive model is 

developed by considering the resistance to dislocation motion in the grain boundary influence region as 

equivalent to that of a work hardening. A general framework for the size-dependent constitutive model is 

derived by implementing this method on a core and mantle model. The work hardening, equivalent to grain 

boundary effect, is realized by introducing a fictitious, pre-existing, plastic strain grain boundary influence 

region (mantle) following the principles of classical crystal plasticity. This fictitious plastic strain, in effect, 

increases the yield strength and decreases the initial hardening coefficient of the grain. With the thickness 

of grain boundary influence region and the distribution of introduced plastic strain remaining the same, the 

grain boundary effect increased as the grain size becomes smaller. A simplified model that considers the 

grain boundary effect on a grain average sense is also developed under this general framework. 

Implementation of this general framework to the specific cases of crystal plasticity constitutive models is 

demonstrated by considering the case of power law flow rule and hyperbolic-secant hardening rule. Finally, 

the grain size-dependent constitutive model is validated by comparing the predicted stress-strain behavior 

of polycrystal samples with different average grain sizes under uniaxial loading with the experimental 

results. 
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1.0 Introduction 

Microstructural features and their sizes have significant effect on material deformation.  Yield strength of 

a crystalline metallic material increases when its grain size becomes smaller according to the Hall-Petch 
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relationship [1,2]. Similarly, the yield strength of nickel based superalloys increases with decrease in the 

average size of the precipitate phase for a given volume fraction of the precipitate [3-5]. The grain size-

dependent behavior is attributed to the influence of grain boundaries on dislocation nucleation and its 

mobility; thus affecting plastic shear flow and hardening in slip systems. In classical crystal plasticity 

constitutive models [6-13], plastic deformation of a material is captured through a set of flow rule and 

strength evolution rule that describes the slipping deformation in the slip systems driven by resolved shear 

stress. However, these constitutive models do not have an intrinsic mechanism to capture the localized 

deformation influenced by microstructural features; therefore lack the ability to predict the experimentally 

observed feature size-dependent material behavior, such as grain size effect. 

The mechanism of grain size-dependent behavior has also been explained as a consequence of the influence 

of strain gradients on material response, arising primarily due to lattice incompatibilities associated with 

the inhomogeneous plastic deformation between neighboring grains [14]. Accordingly, deformation 

gradient based constitutive models that fundamentally rely on dislocation density as an internal variable to 

capture the evolution of dislocations, were advanced by accounting for strain gradient effects [15-36]. 

Dislocations are generally classified into statistically stored dislocations (SSDs) that evolve from the 

random trapping processes during plastic deformation [15], and geometrically necessary dislocations 

(GNDs) that evolve as a result of the geometrical constraints on crystal lattice. Plastic strain gradients in 

materials are correlated to the evolution of GNDs that maintains lattice compatibility [16-19]. While a 

number of these studies used phenomenological models under the mathematical framework of Cosserat–

Koiter–Mindlin theories of higher order elasticity [20-26], others followed a more physically intuitive 

approach by directly introducing strain gradient effects in the evolutionary laws of internal slip system state 

variables [3-5, 27-36].  Although these models captured the grain size-dependent flow stress quite well, 

they lacked a fundamental mechanism in the formulation to capture the yield strength variation with grain 

size [34-37]. The formulation of these models also results in mesh sensitivity, which not only is a challenge 



in the implementation of the method, but more importantly, raises concerns on the physical foundation of 

the formulation as well.  

In an alternative approach, grain size-dependent constitutive models were developed by subdividing a grain 

into a core and a mantle configuration [37-41]. The mantle that surrounds the core represents a region 

influenced by the grain boundary due to its proximity, and is modeled to deform differently from the core 

that represents the inner volume of the grain. This approach is primarily motivated by the experimental 

determination of increased hardening in the grain boundary influenced region near grain boundaries [42-

45]. Meyers et al. [37] modeled grain as a composite of a work-hardened boundary layer (mantle) 

surrounding the grain interior comprised of an annealed material (core), in a polycrystalline aggregate. 

Model predicted an initial strengthening as expected. It was also shown that the flow stress of the aggregate 

can be obtained from the average of the flow stress in the dislocation free grain interior regions and the 

grain boundary influenced regions by applying a rule similar to the rule of mixture. Fu et al. [38] advanced 

this model by allowing for the evolution of dislocation density in the mantle, thus extending the model into 

the nano-crystalline regime. While the grain interiors were modeled using a limited form of crystal 

plasticity, the grain boundary influence regions were modeled using an isotropic plasticity model with a 

higher strain-hardening rate through evolution of dislocation density. The model was further advanced by 

incorporating the slip and rotation in the grain-boundary influence region [39]. Classical crystal plasticity 

model was applied to each of the core and mantle regions. To facilitate relatively easier dislocation 

generation and its mobility in the grain boundary region, a lower yield stress along with a higher work 

hardening rate were assigned to the mantle. Grain size-dependent behavior has also been modeled on the 

core and mantle framework by coupling the single-crystal plasticity constitutive model with an appropriate 

cohesive interface model [40, 41].  

When compared to the deformation gradient based models, the core and mantle based models can capture 

the dependence of yield strength on grain size, and are relatively easy to implement. However, none of the 

core and mantle based models reported in the literature follow a grain size-dependent formulation in its true 



sense. In these models, the grain size-dependent behavior is realized by applying the grain size independent 

classical constitutive models to the core and mantle separately with two different sets of material properties. 

In the present study, a simple method to introduce grain size effect into the crystal plasticity constitutive 

model is developed on the core and mantle framework. The method fundamentally relies on introducing a 

strain-hardening in the grain boundary influence region, through a fictitious, pre-existing, distribution of a 

plastic strain so chosen that the resulting distribution of the resistance to dislocation nucleation and its 

mobility in that region is equivalent to the grain boundary effect. The main advantages of this new method 

are: 1) follows a better representation of the mechanism of grain boundary effect since grain size-

dependence is realized by considering the resistance to dislocation nucleation and mobility more 

realistically in the formulation, 2) implementation of the fictitious pre-existing plastic strain in the grain 

boundary region follows the classical crystal plasticity constitutive model framework closely and requires 

only a minor modification to the classical crystal plasticity constitutive model framework, and 3) spatial 

distribution of the resistance to shear flow is the only additional information required. Examples that 

illustrate the capabilities of the new approach and demonstrate its ability to capture the Hall-Petch effect 

are presented. A simple linear profile for the fictitious plastic shear strain distribution in the grain boundary 

influence region is considered for numerical demonstration of the method, and the results are compared 

with those available in the literature. 

2.0 Theory 

A general framework for the grain size-dependent constitutive model is developed in section 2.1. The 

general framework is then simplified by considering the grain boundary effect on a grain average in section 

2.2. Finally, the implementation of the general framework into specific cases of classical crystal plasticity 

constitutive models to obtain grain size-dependent constitutive model is demonstrated for the case of 

classical power law flow rule and hyperbolic-secant hardening behavior in section 2.3.   

2.1 General Framework 



Following the classical approach, the kinematics of elastic-plastic deformation is split into two 

multiplicative operations; a plastic deformation, where material is deformed through the rearrangement of 

lattices without any lattice stretching, followed by an elastic deformation associated with the stretching of 

lattices [17-21]. The total deformation gradient F is then given by,  

𝑭 = 𝑭𝒆.  𝑭𝒑                   (1) 

where 𝑭𝒑 and 𝑭𝒆 are the plastic and elastic deformation gradients, respectively. 

The total velocity gradient 𝑳 is given as, 

𝑳 = 𝑳∗ + 𝑳𝒑 = 𝑭̇. 𝑭−𝟏 = 𝑫 + 𝜴                  (2)  

where the symmetric stretch rate 𝑫 and the anti-symmetric spin tensor 𝜴 can be decomposed into elastic 

( )∗ and plastic ( )𝑝 parts, 

𝑫 = 𝑫∗ + 𝑫𝒑      ,  𝜴 = 𝜴∗ + 𝜴𝒑                (3) 

The velocity gradient associated with the plastic deformation 𝑳𝒑 is then given in terms of Schmid’s tensor 

as, 

𝑳𝒑 = 𝑭𝒑. 𝑭̇𝒑−1
= ∑ 𝛾̇(𝛼)

𝛼 𝒎(𝜶) ⨂ 𝒏(𝜶)                (4) 

where 𝛾̇(𝛼) is the rate of shear strain associated with the slipping in 𝛼-th slip system, m is the unit normal 

to the slip plane, and n is the unit vector parallel to the slip direction. Incremental formulation of plasticity 

theory is based on; (1) evolution of Cauchy stress on a corotational frame of reference that rotates with the 

crystal lattice, 𝑱∗(𝝈), (2) shear flow rate (slipping rate) 𝛾̇(𝛼), and (3) strain hardening rate 𝑔̇(𝛼) as given 

below, 

 𝑱∗(𝝈) + 𝝈(𝑰: 𝑫∗) = 𝑪: 𝑫∗,                                                                                                    (5) 

where 𝝈 is the Cauchy stress and 𝑪 is the tensor of elastic moduli.  

The rate of slipping on a given slip system 𝛼 is then defined as,  



 𝛾̇(𝛼) = 𝛾̇(𝛼)(𝜏(𝛼), 𝑔(𝛼))                                                                                           (6) 

where 𝜏(𝛼) and 𝑔(𝛼) are the resolved shear stress and the shear strength, respectively. Likewise, the 

evolution of strength in a given slip system 𝛼 due to strain-hardening can be described as a function of the 

cumulative shear strain and the rate of shear flow in each of the slip systems as given below, 

    𝑔̇(𝛼) = ∑ ℎ𝛼𝛽(𝛾) 𝛾̇(𝛽)
(𝛽)                                                                      (7) 

where ℎ𝛼𝛽, a function of the cumulative shear strain 𝛾, is the slip hardening moduli, and 𝛾̇ is the rate of 

shear flow. The sum ranges over all the slip systems. The coefficient ℎ𝛼𝛽 represents the self-hardening 

modulus when 𝛼 = 𝛽, and the latent-hardening modulus otherwise. The cumulative shear strain 𝛾 is defined 

as, 

   𝛾 = ∑ ∫ |𝛾̇(𝛼)|
𝑡

0(𝛼) 𝑑𝑡                                                                                         (8) 

The instantaneous shear strength of a slip system is then obtained as, 

   𝑔(𝛼) = 𝜏0 + ∫ 𝑔̇(𝛼) 𝑑𝑡
𝑡

0
                                                                                             (9)  

The resistance to dislocation nucleation and mobility near a grain boundary is attributed to the piling up of 

dislocations in the grain boundary influence region driven by the difference in grain orientation across the 

grain boundaries. Hence, a grain size-dependent constitutive model should incorporate a mechanism to 

capture this resistance to shear flow in the vicinity of the grain boundary. In the present study, we extended 

the basic framework of classical crystal plasticity constitutive model by considering a non-uniform 

distribution for the initial strength 𝑔, such that it includes an additional strength 𝑔𝐺𝐵 equivalent to the grain 

boundary resistance in the grain boundary influence region. Consequently, the strength evolution rule in 

the crystal plasticity constitutive model requires the introduction of a cumulative shear flow distribution 

𝛾̃𝐺𝐵, corresponding to this additional strength distribution𝑔𝐺𝐵, since the hardening coefficient that 

determines the ability of the material for further evolution of strength is a function of the cumulative shear 

flow. It is important to note that the 𝛾̃𝐺𝐵is a fictitious quantity (indicated by the tilde symbol), introduced 



simply to account for the change in hardening coefficient in the crystal plasticity constitutive model, unlike 

𝑔𝐺𝐵 which is a real measure of the resistance to dislocation nucleation and mobility in the grain boundary 

influence region. Hence, a direct implementation of the method involves the determination of an appropriate 

distribution for 𝑔𝐺𝐵 first, followed by the determination of corresponding 𝛾̃𝐺𝐵 from 𝑔𝐺𝐵. However, the 

determination of  𝛾̃𝐺𝐵 from  𝑔𝐺𝐵 under a crystal plasticity framework is quite cumbersome. Therefore, an 

alternative approach, more consistent with the crystal plasticity constitutive framework, is adopted. In this 

approach, a distribution for the fictitious cumulative shear flow 𝛾̃𝐺𝐵 is considered first, such that the 𝑔𝐺𝐵 

obtained from 𝛾̃𝐺𝐵using the evolution rule for strength is equal to the actual distribution of the grain 

boundary resistance. 

The method is illustrated as follows. First, for a grain the fictitious cumulative shear flow distribution 𝛾̃𝐺𝐵 

is introduced as a pre-existing strain in the grain boundary influence region of thickness (𝛿𝐺𝐵) (Fig. 1). 

 

𝛾̃𝐺𝐵 = 𝛾̃𝐺𝐵
(𝑥, 𝛾̃𝐺𝐵

∗ )                                                                              (10) 

In the above equation 𝑥 represents the distance from the grain boundary. The actual profile of 𝛾̃𝐺𝐵 depends 

on the grain boundary mechanism that is targeted, and could lead to strengthening or softening as grain size 
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Figure 1 (a) A schematic illustrating the grain boundary influence region (b) distribution of the 

fictitious pre-existing plastic shear strain 
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decreases. Without loss of generality, in Figure 1(b) we considered a profile that increases in strength as 

the distance from the grain boundary decreases, reaching a maximum value of 𝛾̃𝐺𝐵
∗  at the grain boundary. 

The distribution of this plastic pre-strain 𝛾̃𝐺𝐵 in the grain boundary influence region should be such that the 

distribution of the resulting strength (𝑔𝐺𝐵) must be equal to the actual resistance due to grain boundary 

effect, with a maximum resistance of 𝑔𝐺𝐵
∗  at the grain boundary, and decreasing to the value of an annealed 

large grain as it approaches to the core. In general, 𝑔𝐺𝐵 (i.e. 𝑔𝐺𝐵
∗ , 𝛿𝐺𝐵, and the profile) is a characteristic of 

the grain boundary, and should vary with the location on the grain boundary depending on many factors 

such as relative orientation of the grains across the grain boundary at that location. However, in view of 

simplicity, 𝑔𝐺𝐵  is treated in the present study as a material property that remains constant everywhere on 

the grain boundary of a given grain, as well as for all the grains. 𝑔𝐺𝐵
∗ , in particular, is taken as the strength 

corresponding to a fully strain-hardened grain. 

In order to formulate the size-dependent constitutive model following the proposed method, the hardening 

rule that describes the rate of shear strength evolution (Eqn. 7) and the instantaneous shear strength (Eqn. 

9) are modified as, 

𝑔̇(𝛼) = 𝑔̇(𝛼)(𝛾 + 𝛾̃𝐺𝐵, 𝛾̇(𝛽))                                                                                                             (11) 

𝑔(𝛼)(𝑥) = 𝜏0∞ + 𝑔𝐺𝐵
𝛼(𝑥) + ∫ 𝑔̇(𝛼)(𝑥) 𝑑𝑡

𝑡

0
                                                                                            (12) 

where the subscript ∞ indicates that the related quantity corresponds to a large grain sample, thus not 

influenced by the grain boundary. The strength 𝑔𝐺𝐵
𝛼(𝑥) being a material property can be determined before 

the material is subjected to loading. The determination of 𝑔𝐺𝐵
𝛼(𝑥) from 𝛾̃𝐺𝐵follows the crystal plasticity 

constitutive model framework, taking into account the fact that  𝛾̃𝐺𝐵 is fictitious, as discussed below.  

The key assumption in the ongoing development of the constitutive model is that the resistance to shear 

flow in the grain boundary influence region can be treated similar to the resistance due to strain hardening. 

Consequently, the strength evolution rate in a given slip system (𝛼) can be considered as a linear 

combination of the rate of shear flow in all the slip systems. Therefore,   



𝑔̇𝐺𝐵
(𝛼)(𝑥) = ∑ ℎ𝛼𝛽(𝛾̃) 𝛾̇̃(𝛽)

(𝛽)                                                                                                                   (13)           

The increase in strength 𝑔𝐺𝐵
𝛼(𝑥) can be determined from the above rate equation as, 

𝑔𝐺𝐵
𝛼(𝑥) = ∫ ∑ ℎ𝛼𝛽(𝛾̃) 𝛾̇̃(𝛽)

(𝛽)  𝑑𝑡
𝑡̃𝐺𝐵

0
                                                                                                      (14) 

where the upper limit of time integration, 𝑡̃𝐺𝐵, represents the time of evolution of strength due to the grain 

boundary influence. Since the plastic strain 𝛾̃𝐺𝐵 introduced to capture the physical quantity 𝑔𝐺𝐵 under the 

crystal plasticity framework is a fictitious quantity, 𝑡̃𝐺𝐵 does not have any physical significance. In other 

words, we seek the spatial distribution of a mathematical quantity 𝛾̃𝐺𝐵 that when formulated in the crystal 

plasticity modeling framework yields the realistic distribution of physical quantity 𝑔𝐺𝐵 in the grain 

boundary influence region.  Therefore, the integration in the equation to determine strength due to grain 

boundary effect can be transformed from the time domain to the plastic pre-strain domain, 

𝑔𝐺𝐵
𝛼(𝑥) = ∫ ∑ ℎ𝛼𝛽(𝛾̃) 𝑑𝛾̃(𝛽)

(𝛽)
𝛾̃𝐺𝐵

0
                                                                                                         (15) 

It is important to note that, for a given 𝛾̃𝐺𝐵 distribution, the determination of 𝑔𝐺𝐵
𝛼(𝑥) is independent of the 

shear flow rule (Eqn. 6), consistent with the fact that the shear flow and its evoltuion are fictitious. The slip-

hardening modulus ℎ𝛼𝛽 is a material property in the crystal plasticity constitutive model. 

Since the characterisitics of grain boundary influence region is treated as a constant, irrespective of the 

nature of grain boundary or the grains across it, 𝑔𝐺𝐵
(𝛼)

 can be expressed as 𝑔𝐺𝐵, an average value over all the 

slip-systems, and the above expression can be further simplifed as, 

  𝑔𝐺𝐵(𝑥) = ∫ ℎ𝑠(𝛾̃) 𝑑𝛾̃
𝛾̃𝐺𝐵

0
+  (𝑁𝑠𝑠 − 1) ∫ ℎ𝑙(𝛾̃) 𝑑𝛾̃

𝛾̃𝐺𝐵

0
                                                                           (16) 

where 𝑁𝑠𝑠 is the total number of slip systems in a grain, ℎ𝑠 and ℎ𝑙 are the self and latent slip hardening 

moduli. 

The 𝑔𝐺𝐵(𝑥), in principle, can be determined experimentally. For example, the hardness profile determined 

on the cross-section of a sample containing large grains using a nanoindenter can potentially provide 



information for the determination of 𝑔𝐺𝐵(𝑥). In the absence of such detailed information, a linear profile 

with the maximum strength at the grain boundary set to the strength of a fully work-hardened sample may 

be a good approximation. The challenge is to determine an appropriate 𝛾̃𝐺𝐵 that when applied to Eqn. 15 

produces a 𝑔𝐺𝐵(𝑥) distribution matching the distribution of resistance to dislocation nucleation and 

mobility in the grain boundary influence region (Eqn. 16).  While obtaining an analytical closed form 

solution for 𝛾̃𝐺𝐵 is possible in some cases, numerical methods are required in general depending on the 

functional form of ℎ𝛼𝛽. 

The above hardening rules (Eqns. 11, 12 and 16), along with the flow rules (Eqns. 6 and 8) together describe 

the grain size-dependent constitutive model for an appropriate distribution of 𝛾̃𝐺𝐵 defined in the grain 

boundary influence region. Being a fictitious quantity, 𝛾̃𝐺𝐵 does not have any direct influence on the shear 

strain evolved under a given loading history (Eqns. 6 and 8). In the grain boundary influence region, where 

the yield strength is larger and the hardening modulus is lower due to the grain boundary effect, the increase 

in yield strength is explicitly captured through 𝑔𝐺𝐵 as per Eqn. 16, while the decrease in the initial hardening 

modulus is implicitly captured through 𝛾̃𝐺𝐵 presented in the hardening evolution rule (Eqn. 16).  

2.2 General Framework: Simple model based on a grain average sense 

The hardening rules (Eqns. 11, 12 and 16) can be further simplified by considering the grain boundary 

effects on an average sense over the grain volume. Accordingly, the hardening rules are modified as follows, 

   𝑔̇(𝛼) = 𝑔̇(𝛼) = 𝑔̇(𝛼)(𝛾 + 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅, 𝛾̇(𝛽))                                                              (17)                                                                 

   𝑔(𝛼) = 𝜏0𝐿 + 𝑔𝐺𝐵 + ∫ 𝑔̇(𝛼)𝑑𝑡
𝑡

0
                                                                                                           (18) 

where  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵 are the grain averaged shear flow and grain averaged shear strength equivalent to the 

grain boundary effect, respectively. The  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵 can be estimated by considering a spherical grain of 

diameter D representing the effective size of an actual grain with a non-spherical shape (Fig. 2). In this 



formulation, r represents the distance from center of the equivalent spherical grain. The 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅, is determined 

by considering a uniform distribution of 𝛾̃𝐺𝐵 in the whole grain.  

𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ =

∫ 𝛾̃𝐺𝐵  𝑑𝑉
𝑉 

 

𝑉
                                                                                  (19) 

where 𝑉 is  the volume of the grain. Therefore, by modifying the Eqn. 16, 𝑔𝐺𝐵 can be determined as, 

𝑔𝐺𝐵 = ∫ ℎ𝑠(𝛾̃)
𝛾̃𝐺𝐵
̅̅ ̅̅ ̅̅

0
𝑑𝛾̃ + (𝑁𝑠𝑠 − 1) ∫ ℎ𝑙(𝛾̃)

𝛾̃𝐺𝐵
̅̅ ̅̅ ̅̅

0
𝑑𝛾̃              (20) 

The 𝑔𝐺𝐵 is the additional shear strength due to the grain boundary effect that is uniform in the grain. It is 

equivalent to 𝑔𝐺𝐵 in terms of the total shear flow as per Eqn. 19. 
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Figure 2 (a) A schematic illustrating the grain boundary influence region by considering a simple 

spherical grain, (b) the distribution of a pre-existing shear strain equivalent to the resistance exerted 
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2.3 Implementation for specific cases 

The general framework of the grain size-dependent constitutive model developed above based on a grain 

average sense is implemented for the special case of power law flow rule and hyperbolic-secant hardening 

behavior, widely reported in the literature [7-11]. A typical power law flow rule for the shear flow can be 

defined as  

 𝛾̇(𝛼) = 𝑎̇ (
𝜏(𝛼)

𝑔(𝛼))
𝑛

                                                                                                             (21) 

where 𝜏(𝛼) and 𝑔(𝛼) are the resolved shear stress and the shear strength on the 𝛼-th slip system. The constant 

𝑎̇ refers to the slipping rate when resolved shear stress reaches the strength, and is assumed to be the same 

for all slip systems. 

The coefficient ℎ𝛼𝛽 (Eqn. 7) is defined as, 

    ℎ𝛼𝛽 = 𝑞(𝛼𝛽)ℎ0𝑠𝑒𝑐ℎ2 |
ℎ0𝛾

𝜏𝑠−𝜏0
|                                                                          (22)  

where 𝑞(𝛼𝛽) differentiates latent-hardening (𝛼 ≠ 𝛽) and self-hardening (𝛼 = 𝛽), ℎ0 is the initial hardening 

modulus, 𝜏0 is the shear strength which is equal to the initial value of 𝑔(𝛼), and 𝜏𝑠 is the stage-I stress 

(break-through stress). Substituting the flow rule and the hardening rule (Eqns. 21 and 22) along with the 

𝛾̃𝐺𝐵 (Eqn. 10) into Eqn. 16, 𝑔𝐺𝐵(𝑟) can be obtained as, 

   𝑔𝐺𝐵(𝑟) =
ℎ̃0∞

𝐾
𝑡𝑎𝑛ℎ|𝐾𝛾̃𝐺𝐵(𝑟)|                                           (23) 

where the constants ℎ̃0∞ and K are given as ℎ̃0∞ =
ℎ0∞((𝑁𝑠𝑠−1)𝑞+1)

𝑁𝑠𝑠
 and 𝐾 =

ℎ0∞

𝜏𝑠−𝜏0∞
, respectively, with 𝑁𝑠𝑠 

being the total number of slip systems. The parameter 𝑞(𝛼𝛽) is the same for all the (𝑁𝑠𝑠 − 1) latent hardening 

slip systems (referred simply as q), and it is equal to one for the self-hardening slip system. From the grain 

averaged shear strain 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ (Eqn. 19), the grain averaged shear strength 𝑔𝐺𝐵 can be determined by 

substituting Eqns. 21 and 22 into Eqn. 20, 



𝑔𝐺𝐵 =  ℎ̃0∞ ∫ 𝑠𝑒𝑐ℎ2|𝐾𝛾̃|
𝛾̃𝐺𝐵

0
𝑑𝛾̃ =

ℎ̃0∞

𝐾
 𝑡𝑎𝑛ℎ| 𝐾𝛾̃𝐺𝐵

̅̅ ̅̅ ̅|                                            (24) 

A simple linear profile for 𝛾̃𝐺𝐵 is considered as below,  

𝛾̃𝐺𝐵(𝑟)=𝐻(𝑟 − 𝑟𝑐)𝐶 (𝑟 − 𝑟𝑐)                                                                                                                                 (25) 

where the constant C is given as 𝐶 =
𝛾̃𝐺𝐵

∗

𝛿𝐺𝐵
 and the radius of the core 𝑟𝑐  can be obtained by 𝑟𝑐 = 𝑟𝑔 − 𝛿𝐺𝐵 

with 𝑟𝑔 being the radius of the equivalent spherical grain. 𝐻(𝑟 − 𝑟𝑐) is the Heaviside step function enforcing 

value of 0 to the 𝛾̃𝐺𝐵(𝑟) profile for 𝑟 ≤ 𝑟𝑐.  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵 are then determined as, 

𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ =

∫  |𝛾̃𝐺𝐵
∗ (𝑟)|4𝜋𝑟2𝑑𝑟

𝑟𝑔
0

4

3
𝜋(𝑟𝑔)

3 = 𝛾̃𝐺𝐵
∗ ((

3𝛿𝐺𝐵

2𝑟𝑔
) − (

𝛿𝐺𝐵

𝑟𝑔
)

2

+
1

4
(

𝛿𝐺𝐵

𝑟𝑔
)

3

)                (26)                       

𝑔𝐺𝐵 =  ℎ̃0∞ ∫ 𝑠𝑒𝑐ℎ2|𝐾𝛾̃|
𝛾̃𝐺𝐵

0
𝑑𝛾̃ =

ℎ̃0∞

𝐾
 𝑡𝑎𝑛ℎ |𝐾𝛾̃𝐺𝐵

∗ ((
3𝛿𝐺𝐵

2𝑟𝑔
) − (

𝛿𝐺𝐵

𝑟𝑔
)

2

+
1

4
(

𝛿𝐺𝐵

𝑟𝑔
)

3

))|        (27) 

 

3.0 Results and Discussion 

The grain size-dependent constitutive model was validated by: 1) studying the variation of 𝑔𝐺𝐵 with grain 

size for an assumed linear profile for 𝛾̃𝐺𝐵(𝑟) (Eqn. 27) and verifying the Hall-Petch effect, and 2) 

incorporating the gran size-dependent constitutive model (Eqns. 6, 8, 17, and 18) on a finite element 

analysis (FEA) framework, and then comparing the predicted stress-strain behavior of the samples with 

different average grain sizes under uniaxial tensile loading to the corresponding experimental results 

reported in the literature.  

Two different polycrystalline configurations, each consisting of 125 grains, and one with regular cubic 

grains of uniform size while the other with a more realistic case of grains with random shapes and sizes, 

were considered as representative volume elements (RVEs) (Fig. 2). The polycrystal configuration with 

random shapes and sizes were generated using Voronoi algorithm. Consideration of the two different RVEs 

in this study was aimed to determine whether the RVE with regular cubic grains, a widely used 

configuration in the literature [35, 36], is a realistic grain structure representation for obtaining the elasto-



plastic material behavior, especially when a grain size-dependent constitutive model is used. 

Experimentally obtained stress-strain behavior for copper samples with different average grain diameters 

of 14 μm, 33 μm and 220 μm is available in literature [47, 48]. In addition, the stress-strain behavior for 

the large grain (grain size-independent) sample was reported in a later study [48] obtained by extrapolating 

the experimental stress-strain behavior of these three different grain sizes. To compare the predicted results 

from the developed model in this article with experimental results, samples with the same average grain 

sizes (𝐷𝑎𝑣𝑒), namely 14 μm, 33 μm, and 220 μm, were considered for the simulation. The different 

average grain sizes were obtained by simply scaling the overall sample size, thus making sure that the grain 

shapes and orientations (Fig. 3) remained the same between sample to sample. 

 

 

 

Since the material properties that describe plasticity were not available, an FEA simulation with a grain 

size-independent constitutive model (Eqns. 6-9) was performed first to derive these material properties. 

The plastic material properties 𝜏𝑜𝐿, 𝜏𝑠, and ℎ𝑜𝐿 were derived by matching the stress-strain behavior from 

the simulation with the stress-strain behavior estimated for the sample with large average grains (Table 1). 

The elastic material properties C11, C12, and C44, for the copper cubic structure and the plastic material 

(b) (a) 

Figure 3 Polycrystal with 125 randomly oriented grains (a) Cubic uniform grains, (b) random shape 

and size grains 



parameters 𝑎̇𝑜  and  q were obtained from literature [46]. A relatively high value of 100 was considered for 

n in order to obtain a rate-independent flow rule. 

 

Table 1 Applied elastic and plastic material properties. 

 

 

 

 

 

 

 

 

 

 

Abaqus commercial FEA package with the crystal plasticity constitutive model, implemented through a 

UMAT subroutine, was used for both the grain size-independent simulation to derive material properties 

and the grain size-dependent study to validate the newly developed constitutive model. Sample was 

subjected to a uniaxial tensile load at a loading rate of 350 MPa/s. Periodic boundary conditions were 

enforced on all the external faces of the RVEs [35, 36]. For the polycrystal with cubic grains, each grain 

was discretized into a 2x2x2 mesh with 20-noded cubic brick elements as shown in Fig. 3a. Thus, each 

element assumes same size equal to 1/8th of the size of the grain. The discretization of the sample with 

randomly shaped grains obtained using the voronoi algorithm is shown in Fig. 3b. In order to ensure a good 

refinement, even with respect to the smallest grain size, a 20x20x20 mesh of 20-noded brick elements was 

considered. Same uniaxial loading condition, boundary conditions and mesh refinement were used for the 

validation of grain size-dependent constitutive model.  

The linear 𝛾̃𝐺𝐵(𝑟) profile given in Eqn. 25 was used for the validation of the grain size-dependent 

constitutive model. The maximum value for the fictitious cumulative shear flow 𝛾̃𝐺𝐵
∗  was determined as 

1.07 based on the cumulative shear flow corresponding to 𝜏𝑠 from the size-independent simulation. 

The  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅, 𝑔𝐺𝐵 (𝑟), and 𝑔𝐺𝐵 for individual grains in both the cubic and random configurations were 

Material Properties 

𝝉𝟎𝑳 9 𝑀𝑃𝑎 

𝝉𝒔 95 𝑀𝑃𝑎 

𝒉𝟎𝑳 240 𝑀𝑃𝑎 

𝒂̇𝒐 0.001 1/𝑠 

𝒏 100 

𝒒 1 

𝜸̃𝑮𝑩
∗  1.07 

𝒄 𝟏𝟏 168400 𝑀𝑃𝑎 

𝒄 𝟏𝟐 121400 𝑀𝑃𝑎 

𝒄 𝟒𝟒 75400 𝑀𝑃𝑎 



determined following Eqns. 26, 23 and 27, respectively. A grain boundary thickness (𝛿𝐺𝐵) of 0.33 𝜇𝑚 was 

used in this study since it provided the best fit for the predicted stress-strain behavior with the experimental 

results for all the three samples with different average grain size. 

 

3.1 Variation of 𝜸̃𝑮𝑩
̅̅ ̅̅ ̅, 𝒈𝑮𝑩 (𝒓), and 𝒈𝑮𝑩 with grain size 

For the assumed linear profile of  𝛾̃𝐺𝐵(𝑟), the distribution of  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅, 𝑔𝐺𝐵 (𝑟) and 𝑔𝐺𝐵 within a grain for three 

individual grains of sizes 14 μm, 33 μm, and 220 μm are shown in Fig. 3 and Table 2. These grain sizes 

are equal to the average grain sizes of the three polycrystal samples considered in the validation step. The 

horizontal axis is taken as the radial distance from the center of the grain normalized by the grain radius. 

As expected, both the 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵 increased as the grain size decreased.  

 

Table 2  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵 for a single grain considering grain boundary effect 

𝑫𝒈𝒓𝒂𝒊𝒏 (𝝁𝒎)  𝜸̃𝑮𝑩
̅̅ ̅̅ ̅ 𝒈𝑮𝑩 (𝑴𝑷𝒂) 

14 0.0740 17.5000 

33 0.0325 7.6495 

220 0.0048 1.1637 
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 Figure 4 (a) 𝛾̃𝐺𝐵 profile and the effective 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ (ℎ𝑜𝑟𝑖𝑧𝑒𝑛𝑡𝑎𝑙 𝑙𝑖𝑛𝑒𝑠)  (b) 𝑔𝐺𝐵 profile and 

the effective 𝑔𝐺𝐵 (ℎ𝑜𝑟𝑖𝑧𝑒𝑛𝑡𝑎𝑙 𝑙𝑖𝑛𝑒𝑠)  
 

Normalized Radial Distance Normalized Radial Distance 



In the cubic configuration, the size of all grains being the same, the entire 125 grains have a constant 

diameter for their equivalent spherical grain representations (Fig. 2), and hence the 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅, 𝑔𝐺𝐵 (𝑟), and 𝑔𝐺𝐵 

for all of these grains are equal to the corresponding values calculated for the individual grain (Fig. 4 and 

Table 2).   

The distributions of the grain size in the Vornoi polycrystal grain configuration is shown in Fig. 5, while 

the variations of  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅, and 𝑔𝐺𝐵̅̅ ̅̅ ̅ with grain size are shown in Fig. 6. In the Voronoi polycrystal configuration, 

since the diameter of the equivalent spherical representation of each grain is different due to the difference 

in grain sizes, the values of  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵̅̅ ̅̅ ̅ vary from grain to grain. As the grain size increases the ratio of 

the volume of grain boundary influence region to the volume of grain decreases, thus decreasing the effect 

of the grain boundary resistance 𝑔𝐺𝐵̅̅ ̅̅ ̅. For the case of sample with the smallest average size, 14  𝜇𝑚, 𝑔𝐺𝐵̅̅ ̅̅ ̅ 

varies from 29.03 MPa for the smallest grain to 13.02 MPa for the largest, when compared to 17.50 MPa 



obtained for the cubic grain. It should be noted that the value of 𝑔𝐺𝐵̅̅ ̅̅ ̅ for a given grain represents the addition 

in strength on a grain average sense in that grain as a result of the grain boundary effect.  

 

 

 

 

 

0 50 100
0.4

0.6

0.8

1

1.2

1.4

Grain#(sorted)

D
g

ra
in

 /
D

a
v
e

 

 

Figure 5 The variation of the grain diameters normalized with the average grain diameter in the 

Voronoi polycrystal configuration for 125 grains. Since the three samples with different average 

grain sizes are obtained by simply scaling the geometry this variation is same for all of them  



 

The Hall-Petch relation is verified for the range of grain sizes in the Voronoi polycrystalline sample (Fig. 

7) by plotting the variations in the 𝑔𝐺𝐵̅̅ ̅̅ ̅ normalized by the 𝑔𝐺𝐵 of an individual grain of size equal to the 

average grain size (Table 2) against 
1

√𝐷
 normalized by the corresponding 

1

√𝐷𝑎𝑣𝑒
.. The 𝑅2 values for the linear 

fit for each of the cases demonstrated excellent matching with the expected behavior. In addition, the slopes 

for all the three cases considered were relatively close agreeing with the Hall-Petch effect. 

Figure 6 The variation of  𝑔𝐺𝐵̅̅ ̅̅ ̅  and  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ for the three Voronoi polycrystal samples 

with different average grain sizes a)  the variation in  𝑔𝐺𝐵̅̅ ̅̅ ̅ normalized by 𝜏𝑠 

 b) the variation in   𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ normalized by  𝛾̃𝐺𝐵
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3.2 Grain size-dependent constitutive model 

In this section, validation of the grain size-dependent constitutive model (Eqns. 6, 8, 17, and 18) to capture 

the size-dependent stress-strain behavior is discussed. The values of  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵̅̅ ̅̅ ̅, obtained as functions of 

the grain size (discussed in the previous section), were assigned to individual elements in the finite element 

mesh as a material parameter in addition to the elastic and plastic material properties provided in Table 1. 

All the elements belonging to a given grain have the same values for  𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ and 𝑔𝐺𝐵̅̅ ̅̅ ̅ calculated based on the 

corresponding equivalent spherical grain. In the case of Voronoi polycrystal configuration, the elements 

0.8 1 1.2

0.8

1

1.2

1.4

1.6

1.8

2

 

 

D14 (R
2
=0.9983)

D33 (R
2
=0.9971)

D220 (R
2
=0.9962)

𝟏

√𝑫
/

𝟏

√𝑫𝒂𝒗𝒆

 

𝒈
𝑮

𝑩
/𝒈

𝑮
𝑩

 𝒂
𝒗

𝒆
  

Figure 7 Verification of the Hall-Petch relationship for the three Voronoi polycrystal 

configuration samples with average grain diameters of  14 𝜇𝑚, 33 𝜇𝑚 and 220 𝜇𝑚. 𝑅2 

represents the regression coefficient related to the linear fit ( 𝑔𝐺𝐵 𝑎𝑣𝑒 values reported in 

Table 2) 



that overlap between two grains in the grain boundary region were associated with one of the grains based 

on the location of the element’s centroid. 

The average axial stress-strain response for both the cubic grain polycrystal and the Voronoi polycrystal 

predicted by the FEA simulation using the grain size-dependent constitutive model are compared with the 

experimental results in Fig. 8. Overall, the predicted results agree very well with the experimental results. 

Though the experimental data is not sufficiently dense near the yield strength for an accurate comparison, 

the predicted increase in yield stress with decrease in grain size shows a clear trend that matches the 

expected behavior. Since the experimental results were available only for three average grain sizes, the 

variation of the predicted yield strength of polycrystal samples were not compared against 
1

√𝐷
 to validate 

Hall-Petch. However, the increase in the predicted yield stress of polycrystal samples with decrease in grain 

size as evident in the stress-strain behavior (Fig. 8), in addition to the good agreement with the Hall-Petch 

rule based on individual grains as demonstrated in the previous section, validate the theoretical development 

of 𝑔𝐺𝐵 (Eqn. 23) and 𝑔𝐺𝐵 (Eqn. 27) following crystal plasticity framework. It also validates the main 

assumption behind the proposed method that the resistance to shear flow in the grain boundary region can 

be treated similar to the resistance due to strain hardening. The excellent agreement between the predicted 

and experimental hardening behavior (stress-strain behavior beyond yield strength) validates the ability of 

the proposed general constitutive framework (Eqns. 6, 8, 17, and 18) to capture size-dependent plastic 

behavior. It is important to note that the influence of grain boundary on hardening behavior is captured 

through the 𝛾 + 𝛾̃𝐺𝐵
̅̅ ̅̅ ̅ quantity in Eqn. 17. Therefore, 𝛾̃𝐺𝐵

̅̅ ̅̅ ̅, although fictitious, introduces the right initial 

hardening modulus. 

 



 

 

The excellent agreement between the results obtained from the cubic grain sample and the Voronoi grain 

sample also indicates, in terms of average response, that: 1) the 125 grains sample considered for this study 

is a satisfactory RVE for the polycrystalline material considered in this study, and 2) the effect of 

randomness in grain sizes and grain shapes is not significant, and hence the simple cubic grain sample 

widely used in the literature in general is a good representation of a polycrystal for obtaining size-dependent 

average stress-strain behavior.  

In Fig. 8, the stress-strain behavior is shown only in the strain range of 0 to 0.1 due to the limited availability 

of the experimental data. In order to validate the model for a larger strain range, the axial stress-strain 

response predicted by the grain size-dependent model is shown for a larger strain range in Fig. 9. The 

variation of hardening modulus with grain size is quite evident in this depiction. For a given value of axial 

Figure 8 Comparison of the axial stress-strain behavior obtained from the developed model for 

polycrystal with cubic grains and polycrystal by Voronoi grains with those from the Hansen 

experimental work [47, 48] for samples with grain diameters of 14 𝜇𝑚, 33 𝜇𝑚 and 220 𝜇𝑚 

of 14 𝜇𝑚, 33 𝜇𝑚 and 220 𝜇𝑚 for a long strain range 

normalizing the data. 
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strain (or axial stress) the slope of the curve representing the hardening modulus increases with increase in 

grain size [49]. 

 

4.0 Conclusion 

A new simple method to introduce grain size dependence in the classical crystal plasticity constitutive 

model has been developed. Size dependence is realized by considering the resistance to dislocation motion 

in the grain boundary influence region as equivalent to a local strain-hardening, which was implemented in 

the constitutive model by introducing a fictitious pre-existing plastic strain. The model was validated by 

studying the variation of initial strength with grain size. Results showed increasing effect of grain boundary 

region in terms of increased initial strength and decreased hardening as the grain size decreased. The 

obtained solution demonstrated good agreement with the Hall-Petch theory. In addition, the size-dependent 

constitutive model was implemented on a FEA framework and the stress strain behavior of polycrystalline 
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Figure 9 Predicted size-dependent axial stress-strain behavior for Voronoi polycrystal 

configuration for a larger strain range 



samples comprised of 125 grains with three different average grain diameters of 14 𝜇𝑚, 33 𝜇𝑚 and 

220 𝜇𝑚 sizes were obtained under uniaxial tensile loading. Comparison of predicted results with the 

experimental results available in literature revealed that a grain boundary influence region of 0.33 𝜇𝑚 

thickness, with a linear pre-existing plastic strain profile can describe the size-dependent stress-strain 

behavior of the FCC copper polycrystalline samples. Two different types of polycrystal grain configuration, 

one with equal size cubic grains and the other with randomly shaped grains based on the Voronoi algorithm, 

both with randomly oriented grains, were used to study the grain size-effect. Results showed similar results 

indicating that both of these configurations adequately represent the size-dependent stress-strain behavior 

for these samples. In short, the proposed method provides a simple, physics based constitutive model to 

capture the size-dependent behavior of materials that can be quite beneficial in the stress and failure analysis 

of structural components at the microstructure length scale.  
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